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Abstract. We study Banach- valued holomorphic functions defined on open sub- 
sets of the maximal ideal space of the Banach algebra H °° of bounded holomorphic 
functions on the unit disk D C C with point/wise multiplication and supremum 
norm. In particular, we establish vanishing cohomology for sheaves of germs of 
such functions and, solving a Banach- valued corona problem for H°° , prove that 
the maximal ideal space of the algebra H^ mp (A) of holomorphic functions on D 
with relatively compact images in a commutative unital complex Banach algebra 
A is homeomorphic to the direct product of maximal ideal spaces of H°° and A. 



1. Formulation of Main Results 

1.1. The paper deals with Banach- valued holomorphic functions defined on open 
subsets of the maximal ideal space of the Banach algebra H°° of bounded holomor- 
phic functions on the unit disk DcC with pointwise multiplication and supremum 
norm. As in the theory of Stein manifolds, we establish vanishing cohomology for 
sheaves of germs of such functions, solve the second Cousin problem and prove 
Runge-type approximation theorems for them. We then apply the developed tech- 
nique to the study of algebra (A) of holomorphic functions on D with relatively 
compact images in a commutative unital complex Banach algebra A. This class of al- 
gebras includes, e.g., slice algebras S(H°°; •). In particular, solving a Banach-valued 
corona problem for H°°, we prove that the maximal ideal space of H^ mp (A) is home- 
omorphic to the direct product of maximal ideal spaces of H°° and A. Recall that 
for a commutative unital complex Banach algebra A with dual space A* the maximal 
ideal space M(A) of A is the set of nonzero homomorphisms A — > C equipped with 
the Gelfand topology, the weak* topology induced by A*. It is a compact Hausdorff 
space contained in the unit ball of A*. Let C(M(A)) be the algebra of continuous 
complex-valued functions on M(A) with supremum norm. The Gelfand transform 
A : A — > C(M(A)), defined by a(ip) := tp(a), is a nonincreasing-norm morphism of 
algebras that allows to thought of elements of A as continuous functions on M(A). 
If the Gelfand transform is an isometry (as for H°°), then A is called a uniform 
algebra. 

Throughout the paper all Banach algebras are assumed to be complex, commu- 
tative and unital. 
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In the case of H°° evaluation at a point of D is an element of M(H°°), so D is 
naturally embedded into M(H°°) as an open subset. The famous Carleson corona 
theorem |Clj asserts that D is dense in M(H°°). 

Next, given Banach algebras A C C(X), B C C(Y) {X and Y are compact 
Hausdorff spaces) their slice algebra is defined as 

S(A; B) := {/ G C(X x Y) ; /(•; y) E A for all y G Y ; f(x; •) G B for all x G X}. 

The main problem concerning algebra S(A; B) is to determine whether it coincides 
with A <g) B, the closure in C(X x Y) of the symmetric tensor product of A and B. 
For instance, this is true if either A or B have the approximation property. The latter 
is an immediate consequence of the following result of Grothendieck [G] Sect. 5.1]. 

Let A C C(X) be a closed subspace, B be a complex Banach space and As C 
C(X;B) be the Banach space of all continuous B- valued functions / such that 
<p(f) G A for any ip G B*. By A ® i? we denote completion of symmetric tensor 
product of A and B with respect to norm 



'i.r 



^a k ®b k 



k=l 



sup 



^a k (x)b k 



k=l 



with afc G A, b k G 5. 



Theorem 1.1 (Grothendieck). The following statements are equivalent: 

(1) A has the approximation property; 

(2) A® B = As for every Banach space B. 

Recall that a Banach space B is said to have the approximation property, if, for 
every compact set K C B and every e > 0, there exists an operator T : B — > B of 
finite rank so that \\Tx — x\\b < £ for every a; G K. 

Although it is strongly believed that the class of spaces with the approximation 
property includes practically all spaces which appear naturally in analysis, it is not 
known yet even for the space H°°. (The strongest result in this direction due to 
Bourgain and Reinov |BG[ Th. 9] states that H°° has the approximation property 
"up to logarithm".) The first example of a space which fails to have the approx- 
imation property was constructed by Enflo [Ej. Since Enflo's work several other 
examples of such spaces were constructed, for the references see, e.g., [Lj. 

In the paper we show that H°° has the approximation property if and only if it 
has this property in some open neighbourhoods of trivial Gleason parts of M(H°°). 

1.2. Let U C M(H°°) be an open subset and B be a complex Banach space. 

Definition 1.2. A continuous function f G C(U;B) is said to be B-valued holo- 
morphic if its restriction to U D D is B-valued holomorphic in the usual sense. 
By 0(U; B) we denote the vector space of B-valued holomorphic functions on U . 

If / G 0{U; B), then for every open V <s U the restriction f\vrio belongs to the 
Banach space H^ mp (y D D; B) of B- valued holomorphic functions g on V D D with 
relatively compact images and with norm \\g\\ := sup zeVn0 ||g(z)||#. Conversely, we 
have 

Proposition 1.3. Let f G 0(U n D; B) satisfy f\ vm G H™ mp (V n D; B) for each 
open V <e U . Then there exists a unique function f G 0{U ; B) such that f\um — f ■ 
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By Ofj( Ho0 j we denote the sheaf of germs of B-valued holomorphic functions on 
M(H°°). 

Theorem 1.4. H k (M(H°°); Of [{Hoo) ) = 0. 

Here H k (X\J) stands for the fcth Cech cohomology group of a sheaf of abelian 
groups J defined on a Hausdorff topological space X. 

The proof of Theorem II .41 is based on a new method for solving of certain Banach- 
valued (^-equations on O, see Theorem 13.51 (this theorem is the main tool in most of 
our proofs). 

A function h on an open subset U C M(H°°) is said to be meromorphic if h — 
where f,gE 0(U) (:= 0(U; C)) and g is not identically zero. The set of meromor- 
phic functions on U is denoted by M.(U). For U = M(H°°) the class A4(U) consists 
of functions h = jj with f,g G H°°. (Here and below H°° is defined on M(H°°) by 
means of the Gelfand transform.) 

A (Cartier) divisor on M(H°°) consists of pairs (Ui, hi), where (t/j) is an open cover 
of M(H°°) and h { G .M (£/*), such that for all ^ n Uj ^ functions £ G n L^-) 
and are nowhere zero. As a corollary of Theorem 11.41 we obtain the solution of the 
second Cousin problem on M(H°°). 

Theorem 1.5. For any divisor D = {(Ui,hi)}i & i on M(H°°) there exist a mero- 
morphic function ho G Ai(M(H°°)) and a family of nowhere vanishing functions 
Ci G 0{Ui), i G I, such that 

ho\ui = hi ■ Ci f or a ^ i €. I- 

Remark 1.6. The statement is equivalent to the fact that any holomorphic line 
bundle on M(H°°) (i.e., a line bundle determined on an open cover of M(H°°) by 
a holomorphic cocycle) is holomorphically trivial. The general question of whether 
any finite rank holomorphic bundle on M(H°°) is holomorphically trivial is open. 

Our next result is a Runge-type approximation theorem for Banach-valued holo- 
morphic functions defined on subsets of M(H°°). 

A compact subset K C M(H°°) is called holomorphically convex if for any x ^ K 
there is / G H°° such that m&x K \ f\ < |/(x)|. 

Theorem 1.7. Any B-valued holomorphic function defined on a neigbourhood of a 
holomorphically compact set K C M(H°°) can be uniformly approximated on K by 
functions from 0(M(H°°); B). 

In fact it suffices to prove the result for K a polyhedron, i.e., a set of the form 
U{F t ) := {x G M(H°°) ; maxi<j<^ \fj(x)\ < 1, F e := (f u ...,fi) G {H^f} (see 
Lemma f 5 . 1 j) . Let Il(i^) denote intersection of the interior of n(i^) with D. Then 
in view of Proposition II. 3[ we can reformulate Theorem 11.71 as follows. 

Any function in if^ mp (n(i^); B) can be uniformly approximated on each U(r-Fg), 
r>l,by functions from H™ mp (B) := tf£ mp (0; B). 

Remark 1.8. With regard to Theorem 11.71 one may ask about an analog of the 
Mergelyan theorem. For a polyhedron the question can be stated as follows. 

Is it true that any function in C(n(i^); B) holomorphic on tl(Fg) can be uniformly 
approximated on n(i^) (13 by functions from (B) ? 
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1.3. In this part we study Banach algebras (A) of holomorphic functions on 

D with relatively compact images in a commutative complex unital Banach algebra 
A. This class of algebras includes, e.g., slice algebras S(H°°; •). Note that the 
restriction map to D induces an isomorphism between 0(M(H°°); A) and (A), 
cf. Proposition 11.31 

Theorem 1.9. Let fx, ■ ■ ■ , f m , f e 0(M(H°°); A). Then f belongs to the ideal 
I C 0(M(H°°); A) generated by fx, ... , f m if and only if there exists a finite open 
cover (Uk)i<k<e of M(H°°) such that for every 1 < k < £ the function f\u k belongs 
to the ideal Ik C 0{Uk] A) generated by functions fx\u k i ■ ■ ■ > fm\u k - 

In the proof we use a standard argument involving Koszul complexes which re- 
duces the statement to a question on existence of bounded on the boundary solutions 
of certain A-valued <9-equations on D similar to those in Wolff's proof of Carleson's 
corona theorem, see, e.g., \Ga\ Ch. VIII. 2]. However, since the target space A may 
be infinite dimensional, the classical duality method allowing to get such solutions 
for scalar (^-equations does not work anymore. We use instead some topological 
properties of M(H°°) together with our Theorem 13.51 which provides bounded solu- 
tions of A- valued (9-equations with 'supports' in the set of nontrivial Gleason parts 
of M(H°°). The fact that D is dense in M(H°°) is not used in the proof; hence, 
Theorem 11.91 gives yet another proof of the corona theorem for H°° . 

As a corollary we obtain 

Theorem 1.10. M(H™ mp (A)) ^ M(H°°) x M(A). 

This would follow from Theorem 11.11 if we knew that H°° has the approximation 
property. However, Theorem II .91 yields also results not following from this property; 
one of them, an analog of Wolff's theorem, see, e.g., \Ga\ Ch. VIII, Th. 2.3], is 
presented below. 

Recall that M(H°°) is disjoint union of an open subset M a of nontrivial Gleason 
parts (analytic disks) and a closed subset M s of trivial (one-pointed) Gleason parts 
(see Section 2 for definitions). 

Theorem 1.11. Let the algebra A C C(X), X a compact Hausdorff space, be self- 
adjoint with respect to the complex conjugation. Fix an cu G C([0, oo)) positive on 

(0, oo) such that lim t ^ + ^ = 0. Assume that fx, ■ ■ ■ , f m , f G S(A) := S(H°°; A) 
satisfy 



(A) 



\f(z)\<c-u( max \f 3 (z)\) 

(B) 



for some c > and all z G © x X; 



max |/(x)| > 5 for some 5 > and all x G M s x X. 

l<j<m 

Then f belongs to the ideal I C S(A) generated by fx, ■ ■ ■ , f m - 

Example 1.12. A sequence {z n } C D is called interpolating for H°° if the inter- 
polation problem f(z n ) = w n , n G N, has a solution / G H°° for every bounded 
sequence of complex numbers {w n }. A Blaschke product B(z) := n?>i x~^z ' z e ®' 
is called interpolating if its set of zeros {zj} is an interpolating sequence for H°°. 
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Consider interpolating Blaschke products Bi, . . . ,B m . Then each \Bj\ is strictly 
positive on M s , see, e.g., |Ga| Ch. X]. Assume that fi, ■ ■ ■ , f m , f G S(A), where 
A C C(X) is self-adjoint, satisfy for some c, 5 > 

(1.2) max \fAw)\ > 5 for all w G M(S(A)); 

l<j<m 



(1.3) \f(z,x)\<c-w[ max iBjWfjfax^) for all (z,x)gOxA. 

yi<i<m J 

Then / belongs to the ideal / C S(A) generated by Bif ly . . . , B m f m . 

In fact, the pullbacks of B\, . . . , B m to M(H°°) x X satisfy condition (B) of 
Theorem 11.111 This and ( 11.21) imply that Bifi, . . . , B m f m satisfy this condition as 
well. Thus the required result follows from the theorem. 

Remark 1.13. Assumptions of Theorem 11.111 do not imply that / G I. Indeed, if 
B 1 , B 2 are interpolating Blaschke products such that inf ae B(|Bi(z)| + |£ 2 (z)|) = 0, 
then \B 1 (z)B 2 {z)\ < max{\B%(z)\,\B$(z)\}, z G D, and max-fl-B? |, \B\ |} is strictly 
positive on M s , but BiB 2 does not belong to the ideal / C H°° generated by B\ , B 2 , 
see [R]. It is still unclear whether the conclusion of the theorem is valid under 
assumption (A) only, and whether the condition lim i __ i , + ^p- = can be replaced by 
lim^ + ^zr = (cf. \Ga\ Ch. VIII. 2] for a similar problem). 

Let S N (H°°) := S(H°°; . . . ; H°°) be the N- dimensional slice algebra on M(H°°) N 
of continuous functions / such that f(x,-,y) G H°° for each x G M(H°°) k ~ l and 
y G M(H°°) N ~ k , k = 1, . . . , N. A major open problem posed in the mid of 1960s 
asks whether the maximal ideal space of Sn{H°°) is M(H°°) N , see, e.g., |Cu] and 
references therein. This fact is obtained now as a corollary of Theorem 11.101 

Corollary 1.14. M(5 JV (i/ 00 )) = M(H°°) N . 

1.4. In this subsection we apply Theorem 11.101 to the study of certain operator 

corona problems, analogs of the Sz.-Nagy problem |SNj on existence of a bounded 

holomorphic left inverse to an H°° function on D with values in the space of bounded 

linear operators between two separable Hilbert spaces. 

To formulate the result we recall the definition of covering dimension: 

For a normal space X, dimX < n if every finite open cover of X can be refined by 

an open cover whose order < n + 1. If dimX < n and the statement dimX < n — 1 

is false, we say dim AT = n. For the empty set, dim0 = —1. 

For a commutative complex unital Banach algebra A by M k,n {A) we denote the 

space of k x n matrices, k < n, with entries in A. 

Theorem 1.15. Let F = (fy) : D ->■ M k > n (A), k < n, be such that each e 
H™ mp (A). Assume that there exists 5 > such that the family hi, . . . , hg_ G H°° (A) 
of minors of F of order k satisfies the corona condition: 

i 

(1.4) \f( h i( z ))\ > 6 f or al1 z e3 and V G M(A). 

i=l 

If M(A) is the inverse limit of a family of compact Hausdorff spaces {Ma}^ 
such that each M a is homotopically equivalent to a metrizable compact space X a 
with dim A a < d and ifn — k — 1 > |_f J for d > 3, and n — k — 1 > otherwise, then 



6 



ALEXANDER BRUDNYI 



there exists a matrix-function F = (/ i<7 -) : IB) — > M n,n (A) with entries in (A) 
such that det F — 1 and = for 1 < i < k, 1 < j < n. 

Remark 1.16. (a) According to the result of Mardesic [M] any compact Hausdorff 
space X with dimX < d < oo can be presented as the inverse limit of a family of 
metrizable compact spaces X a with dimX a < d. In particular, Theorem 11.151 holds 
under the assumptions that dimM(A) < d and n — k — 1 > |_|J for d > 3, and 
n — k — 1 > otherwise. 

(b) Theorem 11.151 provides conditions for an extension of F up to an invertible 
bounded holomorphic M n,n (/l)-valued function. This, in particular, implies that 
under the conditions of the theorem F is left invertible in the considered class. 

A Banach algebra H£ mp (A) (= 0(M(H°°);A)) for which Theorem HH is valid 
for all 1 < k < n < oo is called Hermite. (An equivalent definition is that every 
finitely generated stably free if ~ mp (74)-module is free.) 

A Banach algebra (A) is called projective free if for any n£N every idem- 

potent matrix F : © ->• M n ' n (A) (i.e., such that F 2 = F) with entries in H™ mp (A) 
is conjugate by means of an invertible matrix H : IB) — > M n,n (A) with entries in 
H^ mp (A) to a constant (idempotent) matrix. (An equivalent definition is that ev- 
ery finitely generated projective if^ mp (y4)-module is free.) 

Note that any projective free algebra is Hermite. 

Theorem 1.17. If the maximal ideal space M(A) of A is the inverse limit of a family 
of metrizable contractible compact spaces, then the algebra H^ mp (A) is projective 
free. 



Example 1.18. (1) In [ST] Suarez proved that dim M(H°°) = 2. Therefore by 
Corollary CUll dim S N (H°°) = dim M(H°°) N = 2N. It is known that H°° is 
projective free, see, e.g., O. Applying Theorem 11.151 we obtain (a) 5*2 (H°°) is 
Hermite; (b) If iV > 3, then for a matrix F = (fy) : M^^ 00 )) -»■ M k ' n {C), 
n — k > N, with entries in Sn(H°°) whose family of minors hi, . . . ,hg of order k 
satisfies 



M z )\ > f o r ah z e M(S N (H°°)), 



i=l 

there exists a matrix F = (fy) : D — » M n ' n (C) with entries in Sn(H°°) such that 
det F — 1 and = for 1 < % < k, 1 < j < n. 

(2) Let G be a compact connected abelian topological group. A discrete (additive) 
semigroup E, C G (:= the Pontriagin dual group of G) is called pointed if G 
and if ±x G implies that x = 0. (It is known that one can introduce an order > 
on G; then, e.g., S + := {x G G ; x > 0} and E_ := {iGG; — x > 0} are pointed 
semigroups.) 

Let Ws t (G) C C(G) be the Wiener algebra of functions with Bohr- Fourier spectra 
in E*. It was shown in [BRSj that the maximal ideal space of H / s*(G) is the inverse 
limit of a family of metrizable contractible compact spaces. Hence, Theorem 11.171 
implies that (W^, (G)) is projective free. In particular, if^ mp ( He ,((?)) is 

Hermite. 
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1.5. Finally, we reformulate the problem on the approximation property for H°° in 
local terms. 

For an open subset U C M(H°°) by H°°(U) we denote the Banach space of 
bounded holomorphic functions on U with supremum norm. According to Proposi- 
tion Ol H°°(U) is isomorphic to H°°(U n D). 

Theorem 1.19. LetU (s= V C M a be open subsets and B be a complex Banach space. 
Then for any function f £ 0(V; B) its restriction f\u belongs to H°°(U) (g> B. 

In particular, H°° has the approximation property iff for every complex Banach 
space B and any function f £ 0(M(H°°); B) there exists an open cover (£/j) ie / of 
the set M s of trivial Gleason parts such that /l^ £ H°°(Ui) ® B for all i £ / . 

In Section 9 we extend part of our results to holomorphic functions defined on 
certain Riemann surfaces, e.g., on Riemann surfaces of finite type. 

2. Maximal Ideal Space of H°° 

In this section we collect some auxiliary results on the structure of the maximal 
ideal space of H°°. 

2.1. Recall that the pseudohyperbolic metric on D is defined by 

' — w 



p(z,w) := , z,w £ 

For x, y £ M(H°°) the formula 

p(x,y) := sup{\f(y)\ ; / £ H°°, f(x) = 0, ||/|| < 1} 

gives an extension of p to M(H°°). The Gleason part of x £ M. is then defined 
by tt(x) := {y £ M(H°°) ; p(x,y) < 1}. For x,y £ M(H°°) we have ir(x) = ir(y) 
or 7r(x) n 7r(y) = 0. Hoffman's classification of Gleason parts [H] shows that there 
are only two cases: either tt(x) = {x} or tt(x) is an analytic disk. The former case 
means that there is a continuous one-to-one and onto map L x : D — > 7r(x) such that 
foL x £ H°° for every / £ H°° . Moreover, any analytic disk is contained in a Gleason 
part and any maximal (i.e., not contained in any other) analytic disk is a Gleason 
part. By M a and M s we denote the sets of all non-trivial (analytic disks) and trivial 
(one-pointed) Gleason parts, respectively. It is known that M a C M(H°°) is open. 
Hoffman proved that tt(x) C M a if and only if x belongs to the closure of some 
interpolating sequence in D. 

2.2. Structure of M a . In |Brl] M a is described as a fibre bundle over a compact 
Riemann surface. Specifically, let G be the fundamental group of a compact Riemann 
surface S of genus > 2. Let £oo(G) be the Banach algebra of bounded complex- 
valued functions on G with pointwise multiplication and supremum norm. By j3G 
we denote the Stone- Cech compactification of G, i.e., the maximal ideal space of 
£oo(G) equipped with the Gelfand topology. 

The universal covering r : D — > S is a principal fibre bundle with fibre G. Namely, 
there exists a finite open cover U = (Ui)i e i of S by sets biholomorphic to D and 
a locally constant cocycle g = {gij} £ Z l (U;G) such that D is biholomorphic to 
the quotient space of the disjoint union V = U^iUi x G by the equivalence relation 



8 



ALEXANDER BRUDNYI 



Ui x G 3 (x,g) ~ (x,ggij) £ Uj x G. The identification space is a fibre bundle with 
projection r : D — > S 1 induced by projections [/, x G — >■ C/ i: see, e.g., [23 Ch. 1]. 

Next, the right action of G on itself by multiplications is extended to the right 
continuous action of G on f3G. Let f : E(S, (3G) — )■ S be the associated with 
this action bundle on S* with fibre f3G constructed by cocycle g. Then E(S, /3G) 
is a compact Hausdorff space homeomorphic to the quotient space of the disjoint 
union V = Ui e jC/, x f3G by the equivalence relation Ui x f3G E5 ~ (x,£,9ij) £ 

£7j x The projection f : -E(>S, — > S is induced by projections t/j x /3G — > t/j. 
Note that there is a natural embedding V > V induced by the embedding G 
j3G. This embedding commutes with the corresponding equivalence relations and 
so determines an embedding of D into E(S, f3G) as an open dense subset. Similarly, 
for each £ £ f3G there exists a continuous injection V — > V induced by the injection 
G — > /3G, g i — y £g, commuting with the corresponding equivalence relations. Thus it 
determines a continuous injective map if : B — > E(S,/3G). Let X G := (3G/G be the 
set of co-sets with respect to the right action of G on f3G. Then (B) = (B) if 
and only if £i and £2 determine the same element of Xq- If £ represents an element 
x £ Xq, then we write i x (TD) instead of if (B). In particular, E(S, f3G) = L\ xe x G ix(J^)- 

Let U C E(S,f3G) be open. We say that a function / £ C(U) is holomorphic 
if f\ur\B is holomorphic in the usual sense. The set of holomorphic on U functions 
is denoted by 0(U). It was shown in [BrTl Th. 2.1] that each h £ H°°(U D B) is 
extended to a unique holomorphic function h £ 0(U). In particular, the restriction 
map 0(E(S, (3G)) — > iy°°(D) is an isometry of Banach algebras. Thus the quotient 
space of -E^S", (equipped with the factor topology) by the equivalence relation 
x ~ y & f(x) = f(y) for all / £ 0(E(S,pG)) is homeomorphic to M(H°°). By q 
we denote the quotient map E(S,(3G) — > M(H°°). 

A sequence C G is said to be interpolating if {g n (0)} C B is interpolating 
for H°° (here G acts on D by Mobius transformations). Let G{ n C f3G be the 
union of closures of all interpolating sequences in G. It was shown that Gi n is 
an open dense subset of f3G invariant with respect to the right action of G. The 
associated with this action bundle E(S, G, n ) on S with fibre Gi n constructed by the 
cocycle g £ Z 1 ^; G) is an open dense subbundle of E(S, f3G) containing B. It was 
established in |Brl] that q maps E(S, Gi n ) homeomorphically onto M a so that for 
each £ £ Gi n the set q(i^(D)) coincides with the Gleason part n{q(i^(0))Y Also, for 
distinct x, y £ E(S, (3G) with x £ E(S, Gi n ) there exists / £ 0(E(S, (3G)) such that 
f(x) f(y). Thus q(x) = x for all x £ E(S,G in ), i.e., E(S,G in ) = M a . 

It is worth noting that every bounded uniformly continuous (Lipschitz) with re- 
spect to the metric p function /onD admits a continuous extension / to E(S, /3G) 
(and, in particular, to M a ) so that for every map : B — > E(S, (3G) the function 
/ o is uniformly continuous (Lipschitz) with respect to p on B. 

From the definition of E(S,j3G) follows that for a simply connected open subset 
U C S restriction E(S, (3G)\u (:= f~ 1 (t/)) is a trivial bundle, i.e., there exists 
an isomorphism of bundles (with fibre (3G) (p : E(S, /3G)\u — > U x f3G, <p(x) := 
(f(x),<p(x)), x £ E(S, f3G)\u, mapping f _1 ([7) nB biholomorphically onto U x G. A 
subset C f _1 ([7) of the form Rjj,h '■= xH), H <Z f3G, is called rectangular. 

The base of topology on E(S,G in ) (:= M tt ) consists of rectangular sets Ru,h with 
U G S biholomorphic to B and H C Gi n being the closure of an interpolating 
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sequence in G (so H is a clopen subset of 0G). Another base of topology on M a 
is given by sets of the form {x £ M a ; < e}, where B is an interpolating 

Blaschke product. This follows from the fact that for a sufficiently small e the set 
B-\B E ) C ED, D e := {z ; \z\ < e}, is biholomorphic to B £ x ^(O), see [Gal Ch. X, 
Lm. 1.4]. Hence, {x £ M a ; < e} is biholomorphic to D e x _B _1 (0). 

2.3. Structure of M s . It was proved in |S2j . that the set M s of trivial Gleason 
parts is totally disconnected, i.e., dimM s = (because M s is compact). Moreover, 
C(M S ) is the uniform closure of the algebra 

A(M 3 ) : = I 4^ ; f,g £ H°° and g never vanishes on M s \ . 

9\M S 



3. <9-EQUATIONS WITH SUPPORT IN M a 

3.1. First, we develop differential calculus on E(S,(3G). 

Let X be a complex Banach space and U C S be open simply connected. Let 
: -E^S*, \u Ux (3G be a trivialization as in section 2.2. We say that a function 
/ £ C(E(S,f3G)\u;X) belongs to the space C k (E(S, (3G)\u; X), k £ NU{oo}, if its 
pullback to U x j3G by (p~ l is of class C k . In turn, a continuous X- valued function 
on U x f3G is of class C k if regarded as a Banach- valued map U — > C(/3G; X) it has 
continuous derivatives of order < k (in local coordinates on U). 

Lemma 3.1. The above definition does not depend on the choice of (p. 

Proof. Suppose iff : E(S,pG)\u -> U x 0G, tpf{x) := (f(x), <f'(x)), x £ E(S,pG)\ v , 
is another trivialization. Then if) := if'of~ x : t/ x /3G ->f/x /3G is a homeomorphism 
of the form i/;(z,£) = (z,i/j(z,£,)), (z,£) £ U x f3G. Since f/ is connected and j3G 
is totally disconnected, the continuous map ip : U x f3G — > (3G does not depend on 
the first coordinate, i.e., ip(z,£) := r/(£) for a homeomorphism 77 : f3G — > f3G such 
that ti{G) = G. To prove the lemma it suffices to show that if / is of class C k on 
U x f3G, then fo^ is of class C k on U x (3G as well. But (foif>)(z,£) := f(z,v(0) 
and 77 induces a linear isomorphism of the Banach space C((3G; X). Therefore / o ^ 
regarded as a map C7 — > C(/3G,X) is the composite of this isomorphism and the 
map / : U -> C((3; X). Hence, / o -0 is of class C k onU x (3G. □ 

For a rectangular set Ru,h C E(S, (3G)\u with clopen a function / on i2[/,H is 
said to belong to the space C k (RuH', X) if its extension to E(S, (3G)\u by belongs 
to C k (E(S,pG)\u;X). 

For an open V C -E(5*; a continuous function / on V belongs to the space 
C k (V] X) if its restriction to each Ru,h C V with clopen belongs to C k {Ru ) u] X). 

In the proofs we use the following result. 

Proposition 3.2. For a finite open cover of E(S; j3G) there exists a C°° partition 
of unity subordinate to it. 

Proof. A rectangular set Ru,h £ E(S, f3G) with U biholomorphic to D and H clopen 
will be called a coordinate chart. 
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Lemma 3.3. Let U C E(S, /3G) be open and K C U be a compact subset. Then 
there exists a nonnegative C°° function ip on E(S,{3G) such that ip\ K > and 
supp^ C U. 

Proof. We cover K by two families of coordinate charts (Rui,Hi)i<i<k, {Ru'.,H^)\<i<k 
such that Ui (e U[ and Ru',Hi <e U for all i. Consider the nonnegative C°° function 
:= Pi'Xi on E(S, /3G)\, where pi is the pullback by f of a nonnegative C°° function 
on S equals 1 on Ui and having support in U- and x% is t ne characteristic function 
of Ru'.,H'- Then ipi\R u _ H _ = 1 and supp^j C Rut.Hi- The function ip := Yl^i^Pi 
satisfies the required properties. □ 

Now, assume that U = {Uj)\<i<k is a finite open cover of the compact Hausdorff 
space E(S, (3G). Then there exists a finite open refinement (Wi)x<i<k of U such that 
Wi C Ui for all i. By Lemma EOl there is a nonnegative C°° function ipi on E(S, 0G) 
such that V'ilvKi > and suppV'j C t/j. We set 

V< := =^ -■ 

Then {y?i}i<i</c is a C°° partition of unity subordinate to U. □ 

Corollary 3.4. Let U <e V C £'(5', 6e o^>en. T/ien i/iere exists a nonnegative 
C°° function p on E(S, f3G) such that p = 1 in an open neighbourhood of U and 
supp p C V. 

Proof. Let {y?i}i=i,2 be a C°° partition of unity subordinate to the cover (Ui)i = i t 2 of 
E(S,{3G), where U\ := V, U 2 := E(S,(3G) \ U . Then p := (fx is as required. □ 

An X-valued (0, l)-form u of class C k on an open U C E(S, /3G) is defined in each 
coordinate chart Rv,h C C/ with local coordinates (z, ^) (pulled back from 1/ x /3G 
by </?) by the formula oj\r vh '■= f(z,£)dz, f G C k (Rv t H] X), so that the restriction 
of the family {u>\r vh ; Rv,h C (/} to D determines a global X-valued (0, l)-form 
of class C k on the open set U n D C D. (If U = E(S,(3G), then such u can be 
equivalently defined as a C fc (0, l)-form on S with values in the Banach holomorphic 
vector bundle Ex on S with fibre C(/3G;X) associated with the action of G on 
C(PG;X): geG maps h(x) e C{pG;X) into /i(x^).) 

By we denote the space of X-valued (0, 1) -forms on (7 C E(S,(3G). 

The operator <9 : C°°(f/;X) — > £ Q ' l {U;X) is defined in each Ry,H C 17 equipped 
with the local coordinates (z, £) as df(z,£) := ^|(^, Then the composite of the 
restriction map to U D B with this operator coincides with the standard <9 operator 
defined on C°°([/nO;X). (For [/ = E(S,PG), identifying C°°(E(S, (3G); X) and 
£°' l (E(S, f3G); X) with spaces of C°° sections of the bundle £ x _and of C°° (0, 1) 
forms with values in the fibres of this bundle, we obtain that d is the standard 
operator between these spaces.) 

It is easy to check, using Cauchy estimates for derivatives of families of uniformly 
bounded holomorphic functions on D, that if / G 0(U;X), U C E(S,j3G), then 
/ G C°°(U;X) and in each Rv,h C U with local coordinates (z,£) the function 
f(z,£) is holomorphic in z. Thus df = 0. 

By S^ mp {M a ;X) we denote the class of X-valued C°° (0,l)-forms on E{S,(3G) 
with compact supports in M a := E(S,Gi n ), i.e., u G £^J np (M a ;X) if there is a 
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compact subset of M a such that in each local coordinate representation u = fdz 
support of / belongs to it. By suppw we denote the minimal set satisfying this 
property. Let Sj^(X) C (M a ; X) be the subspace of forms with supports in 
the compact set K d M a . 

Proofs of our main results are based on the following 

Theorem 3.5. There exist a norm \\ ■ \\k on £j^(X) and a continuous linear operator 
L K : (&jf(X), || • \\ K ) -> (C(M(H°°);X),swp M{Hoa) || ■ \\ x ) such that for each u G 
£°/(X) 

(a) L K (cu)\ Ma G C°°(M a ;X) and B(L K (cu)\ Ma ) = u; 

(b) L k (lo)\ m{h ^\ k G 0(M(H°°)\K;X). 

3.2. In the proof of Theorem 13.51 we use the following auxiliary results. 

Let B(z) := Ylj>i i-m'z ' 2 ^ ®? De an interpolating Blaschke product. According 
to \Ga\ Ch. X, Lm. 1.4] there exists e > such that _B _1 (O e ) := Uj>iVj and B maps 
each Vj biholomorphically onto D e . By bj : © e — > Vj we denote the holomorphic 
map inverse to B\y r 

Proposition 3.6. There exists a positive 5 < e and functions fj G H°°(D x B>s) 
such that 

(3.1) fj(bj(w),w) = 1, fj(b k (w),w) = 0, k ^ j, 

(3.2) J2\f j (z,w)\<2M, (z,w) GDx© 5 , 

3 

where 

M:= sup inf{||/||; / G f(z j ) = a J , j = l,2,...} 

!l{ a j}l|oo<l 

is the constant of interpolation for {zj}. 

Proof. According to \Ga\ Ch. VII, Th. 2.1] there exist functions gj G H°° such that 

9j{zj) = 1, 9j(Zk) = 0, M j, and ^ \9j( z )\ < M , z G D. 

3 

Consider a bounded linear operator L : — > H°° of norm ||L|| = M defined by the 
formula 

L({ aj })(z) :=J2 a j9j(z)i zeB. 

j 

Let R(w) be the restriction operator to {bj(w)}, w G D e . Then 

(R(w) o L)({ aj })(b k (w)) := J2 a j9j(h(w)), keN. 

j 

This and Cauchy estimates for derivatives of bounded holomorphic functions imply 
that P(w) := R(w) o L : l M 4 ioo, w G D e , is a family of bounded operators of 
norms < M holomorphically depending on w and such that P (0) = id. The Cauchy 
estimates yield ||^(w)|| < £ _Li - In particular, for \w\ < 5 : = we have 

IIIPHU - 1| := IIIPHU - ||P(0)||| < < \. 
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In particular, P(w) is invertible and ||P(w) 1 || < 2. 
We set 

L(w) := L o P(w)~ 1 , weB 5 . 

Then L(w) : ioo — > H°° is continuous, holomorphically depends on w and ||L(w)|| < 
2M. Moreover, R(w) o L(w) = id. 
We define 

(3.3) fj(; W ) :=L(«;)({<5y}), 

where ^ = 1 if % — j and otherwise. Clearly {fj} satisfies the required properties. 

□ 

Let r# := {(z,w) G © 2 ; w = B(z)} be the graph of B in IB) 2 . For a complex 
Banach space X and D x D r C D 2 consider the Banach space C^ p (0 x D r ; X) of 
bounded X-valued continuous functions onBx D r with relatively compact images 
holomorphic with respect to the first coordinate and uniformly continuous with 
respect to the second one equipped with norm ||/|| := sup^ ^gpx^ \\f(z, w)\\x- By 
Cc h om P ( D x X) C CX p (© x D r ; X) we denote the subspace of X-valued functions 
having bounded derivatives of all orders with respect to the second coordinate. In 
addition, by C comp (B r xN;I) D (D r x N; X) we denote the space of X- valued 
continuous functions on D r x N with relatively compact images and its subspace of 
functions having bounded derivatives of all orders with respect to the coordinate in 
D r . Let R : f i— > f\r B be the restriction operator. 

Proposition 3.7. For 5 as in Proposition \3.6\ there exists a linear bounded oper- 
ator S : C comp (D 5 / 2 xN;I) -»■ C^ p (D x B S/2 ;X) of norm < 2M which maps 
C~ mp (% 2 x N;X) to C c h ^ p (© x B S/2 ;X) and such that 

(RoS)(g)(bj(w),w) = g(w,j) for all (w,j) G % 2 xN lS 6 C comp (% 2 x N;X). 
Proof. We define 

(3.4) S(g)(z,w) := ^ fj(z,w)g(w,j) 

j 

with fj as in Proposition 13.61 Then the required result follows from properties (13.11) . 
(13.21) of that proposition. □ 

We retain notation of Propositions 13.61 and 13.71 

By Es(X) we denote the space of X-valued C°° (0, 1) forms u = fdz on D with 

supports in £> _1 (ID),5/ 2 ) such that the function f(w,j) := f(bj(w)) dhj ^ , (w,j) G 
% 2 x N, belongs to C~ mp (D 5/2 x N;X). 

Proposition 3.8. There exists a linear operator G : E$(X) — > C^ mp (3;X) such 
that for oj = fdz G E S (X) 

(1) 

dG(uj) = to, 

(2) 

sup \\G{u){z)\\ x < 2M ■ sup \\f(w,j)\\ x , 
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(3) 

{(G(w) o bj)(w) ; (w,j) G B s/2 x N} G C- mp (D 5/2 x N;X); 
(4) G(a;)|]D)\B- 1 (B i/2 ) « s the uniform limit of a sequence of functions of the form 
ElohiB-* with hiZH£j&X). 

Proof. We rewrite a; as a (0, 1) form onDxN with values in X replacing z by bj(w) 
in each Vj. Then according to assumptions of the proposition we obtain the form 
fdw with / G C~ mp (%2 x N; X). Consider the form u := S(f)dw, see (J33D- Since 
supp u C B<5/2, it can be regarded as a C°° form on D with values in if °°(B; X). We 
define a linear operator I : C^ p (B 2 ; X) -»■ C&^B 2 ; X) by the formula 

i(/ l )(z jU ,) = -L /" /" MM1^ A ^. 



(If we rewrite I(h)(z, w) in polar coordinates as ^ / J^+b M 2 ^ re ^ + w)e~ l ^dr A <i(/>, 
then J(/i) has a relatively compact image because h has it.) 
Now, see, e.g., [GaJ Ch. VIII. 1], 

~7*F~ = h and SU P ll / ( /i )(^ ) ^)IU < sup \\h(z,w)\\ x - 

aw ( 2 ,i»)eD 2 (z,w)<=0 2 

Finally, we set 

G(cu)(z):=I(S(f))(z,B(z)), zeB. 
Since I(S(f)) depends holomorphically on the first coordinate, 

dGju) dI(S(f))(z,w) i dB(z) ~ dB(z) 

— := — m — lw=B{z) ' ir = s W z > B w-w 

= (/ o bj){w) \w=b(z) ■ d _ = f{z) on each Vj. 

(We have used that bj is the map inverse to B on Vj.) 

Next, properties (2) and (3) follow from the corresponding properties of the op- 
erator /. To prove (4) note that I(S(f))(z,w), z G D, w G C \ ©,5/2, can be 
regarded as a continuous up to the boundary bounded holomorphic function in w 
with values in (B;X). Applying the Cauchy integral formula to this function 

(integrating over the boundary {w G C ; \w\ = S/2}) we approximate it uniformly on 
C\D<5/2 by a sequence of functions of the form Yl,f=o hi(z)w~\ (z, w)eDx C\D^/ 2 , 
hi G H^ mp (JD); X), K G N. Replacing w by B(z) we get the required result. □ 

3.3. 

Proof of Theorem \3.h\ For x G K choose a coordinate chart Ru'{x),H'{x) <e M a con- 
taining it. Since x is a closure of an interpolating sequence and the base of topology 
on M a is defined by means of interpolating Blaschke products (see subsection 2.1), 
there exist an interpolating Blashke product B s ^ with zero set s(x) whose clo- 
sure contains x and a number 5 := 5(x) > for which Proposition 13.61 is valid for 
B := B s[x) such that {y G M a ; \B s(x) {y)\ < 8(x)} C R v , 

Further, choose a coordinate chart Ru(x),h(x) C {y G M a ; \B s r x )(y)\ < 
containing x such that U <s U'. Let {Ru(xi),H(xi)}i<i<k be a finite subcover of the 
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open cover {Ru(x),h(x) ] x e K} oiK. By definition lii<i<kRu{xi),H{xi) C E(S, 0G) is 
an open neighbourhood of K. Consider an open cover of E(S, f3G) consisting of sets 
K c := E(S, f3G)\K and Ru(xi),H(xA, 1 < i < k. Let ip , tpi, . . . , tp^ be a C°° partition 
of unity subordinate to this cover (see Proposition 13.2ft ; here supp^ d Ru(xi),H(xi), 
1 < i < k, and supp<^ (s if c . Now, since K n (supp^o) = 0, for any a; G £^ (X) 
we have 

fc k 
3=0 J'=l 

Note that supp (</>jU;) C -fCj := X D Ru(xi),H(xi), 1 < i < k. Clearly, it suffices to 
prove the theorem for spaces 8^(X) and then define for u G 8% (X), 

k k 

(3.5) L K {u) :=} j L K .(if i uj), and \\u\\ K ■= } J \\fM\Kj- 

i=l i=l 

Therefore from now on we will assume that 

5 



suppw C K C #C7,H C jy G M a ; |£(y)| < ^ 
C{ye M a ; \B(y)\ < 5} C i*^, U <e [/', 

where 5 is an interpolating Blashke product with 5 as in Proposition 13.61 

Without loss of generality we will identify If with D and U with V> t for some 

t < 1. As before for some (5 <) 5 < 1 by bj : D e — > D we denote the map inverse to 

B on Vj, where S _1 (D e ) = Uj-V^. 

Consider the restriction w|p = f(s,g)ds, where supp / C i?c/,i? H O, s is a holo- 

morphic coordinate in U' C S and g £ G. Since a; is of class C 00 and has compact 

support, / G (If x G;X). Substituting s = r(z), z G D (r := r|p), we have 

w|d = f( r ( z )i9)%dz =: F(z)dz. Here F is an X-valued C°° function on D with 

support in r~ l (U) n G D; < |}. Also, 



(3. 6) (F.yw^^iiroyK,).!™, m6 B 5 , 

where <7j G G is uniquely defined by the condition bj(w) G V}. 

According to our assumption, each element of the family of holomorphic functions 
{r o &j}j e N maps Da into D (:= If). In particular, any order derivatives of elements 
of this family are uniformly bounded on U>s/2- Since / G (If x G;X), this 

and (|32J imply that the function F(w,j) := (F o bj)(w)^^, (w,j) G % 2 x N, 
belongs to C^ mp (IB)5/2 x N; X). This means that u\o G Eg(X) and we can apply 
Proposition 13.81 Let h := G m (D; AT) be the function satisfying conditions 

(l)-(4) of this proposition. Show that it can be continuously extended to V := {y G 
M a ; \B(y)\ < y} so that the extension is of class C 00 . 

In fact, to = f(s, x)ds on f~ l (U') (= If x f3G E5 (s, x)) with supp / C Rjj,h- Since 
/ G C 00 ^ -1 ([/'); X), we can solve equation OH = u on f _1 (t/ / ) by the formula: 

H( S) x) = ^-l I 



2^ y y^, f 
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In particular, H G C^ mp (f~ 1 (f/ / ); X). Therefore, c := h\ r -i(u^ — H\ r -iQj^ is an X- 
valued bounded holomorphic function on r~ 1 (f/ / ) = U' x G with relatively compact 
support (see Proposition 13 . 8 1 ( 1 ) ) . As it follows from |Brll Th. 2.1] function c admits 
a continuous extension c : f~ l {U') — > X** (where X** is considered in the weak* 
topology) such that cp(c(-,x)) is holomorphic for all <p G X* and x G But 
Im(c) C Im(c) d X (here ~~ stands for the weak* closure in X**). Thus, since 
the weak* topology is equivalent to the norm-topology on each compact subset of 
X, c G C comp (f~ 1 (?7'); X) and each c(-,x), x G (3G, is an A-valued holomorphic 
function on U' . Also, the family {c(-,x) ; x G (3G} is uniformly bounded on U' . 
Applying the Cauchy estimates for derivatives of bounded holomorphic functions to 
elements of this family we obtain that c| f -i([/«) G {r~ x (U"); X) for any open 

U" <& U'. Finally, since V m Ru>,h>, there exists U" m U' such that V C f" 1 (U"). 
This shows that h is extended to D U V as a C°° function with relatively compact 
image. 

Further, closure of the set W := {z G D; \B(z)\ > §} contains M(H°°) \ {©U V}. 
According to Proposition 13.81 (4). h\w is the uniform limit of a sequence of functions 
of the form {^2f =0 hiB~ l ; hi G H^ mp (JD>; X)} A ' e ^. Clearly, each hi is extended to 
M(H°°) as an A- valued holomorphic function (cf. similar arguments for c). Thus, 
h\w is extended to M(if°°)\{©UV A } as a continuous function holomorphic in interior 
points of this set (in particular, this extension is of class C°° there). 

We conclude that h is continuously extended to M(H°°) and the extension h is 
of class C°° on M a . Since Bh = u\o, we obtain by continuity of derivatives of h that 
dh = uj on M a . Clearly, h is holomorphic outside suppw. Finally, we set L k {uj) := h 
and \\u\\k := sup^j) gDi5xN j)\\x- Then the required properties of L K follow 

from Proposition 13.81 

The proof of the theorem is complete. □ 

4. Proofs of Proposition 11.31 and Theorems 11.41 11.51 

4.1. Proof of Proposition 11.31 First, we prove the result for B — C. 

Let us consider an open cover (Ui) ie j of open U C M(H°°) such that Ui <s U, 
i G /, and its refinement (Vj)j^j such that Vj C Vj C f/ T (i), where r : J — > I is 
the refinement map. Let / G C(t/ H D). Then according to |Sll Th. 3.2] applied 
to sets Vj, U T (j) and the function f\u r(J)m G H°°(U T (j) fl D), there exists a family of 
functions fj G C(t^) such that fj(z) = f(z) on Vj n B, j G J. If now ^ D 14 7^ 0, 
then fj - f k = on the closure ^ n V k n D C M(H°°) of n T4 n D. But this 
compact set contains VjHVk. (For otherwise, there exists an open subset W of VjHVk 
such that n Vj n V fc D D = 0. But D is dense in M(H°°) and so W n D ^ 0. On 
the other hand, W n D C V,- n V k n D = 0, a contradiction.) Thus = / fc on V,- D V k . 
This implies that there exists a function / G 0(U) such that /|c/nB = / defined by 
/ := fj on Vj, j G J. Clearly, such / is unique. 

Let us consider the general case. Assume that / G 0(U fl D; B) is such that 
fWriB ^ H^ mp (V fl D; 5) for every open V d [/. Applying the scalar case of the 
proposition to the family of functions tp o f with (p G B* we obtain that / has 
an extension / G 0(U; B**). However, for each open V <e U, the image of /|y 
belongs to the weak* closure in B** of the compact subset f(V D D) of B. (We have 
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used here that V C V D D.) The former set being compact is weak* closed. Thus 
f\v e H™ mp (V; B) for all such V. This implies that / G £>(£/; 5) as required. □ 

4.2. The following auxiliary result will be used in the proof of Theorem 11.41 

Lemma 4.1. For an open cover of M(H°°) there exist finite open refinements 
(Wj)\<j<k and (Vj)i<j<k such that 

(1) Vj m Wj for all 1 < j < k; 

(2) Vi, . . ■ , V r cover M s and W m HW n = for all 1 < m ^ n < r; 

(3) W r+ i, . . . , Wk are relatively compact subsets of M a . 

Proof. Since M s = is compact and totally disconnected, for each cover (Ui) of M s 
by open subsets of M(H°°) there exists a finite open refinement (Uj) such that each 
U'j is relatively compact in all Ui containing it and U' m n C/^ = for all m ^ n. Thus 
for an open cover V of M(H°°) there exists a finite refinement (Vj)i<j<k such that 
Vi, . . . , V r cover M s and V m nV n = ®, 1 < m ^ n < r, and K+i, • • • , Vk are relatively 
compact coordinate charts in M a . This implies that there exist open Wi, . . . , Wk 
such that Vj d Wj for all j, W m P\W n for 1 < m n < r, Wj <e M a for r + 1 < j < n, 
and Wi, . . . , is a refinement of V as well. □ 

Partition of unity. Recall that q : E(S, (3G) — > M(H°°) is the quotient map which 
is identity on E(S, Gi n ) = M a , see subsection 2.1. In notation of Lemma [4. II we set 
Vj := q-\Vj), Wj := q~ 1 (W j ). By ^ we denote C°° functions on E(M, f3G) such 

that i/jj\v>. > and supp ?/>.,• C Wj (see Lemma I3TB1 . Then X^=i (i 2 -) > ® f° r eacn 
x G E(s'f3G) (because (V/) is a cover of E(S,fiG)). We define 




Then <y2j is a nonnegative C°° function on E(S,j3G), supp cpj C W^', y2j = 1 on 
Vj ■= Vj \ (U ¥i W7) and E J= i^i = !■ Observe that (^)J =1 is an open cover of 
q~ 1 (M s ) by pairwise disjoint open sets. 

4.3. Proof of Theorem 11.41 We retain notation of the previous subsection. 

Proof of the theorem for k — 1. Let c := {%} G Z 1 (W; ^ e a cocycle de- 

fined on an open cover W of M(H°°). Passing to a refinement of W we may as- 
sume that W = (Wj)i<j<fc is as in Lemma 14.11 According to our construction if 
WiHWj 7^ for i 7^ j, then this set belongs to M a . Using the above constructed C°° 
partition of unity {(fj} subordinate to the cover (Wj) we resolve c by the formulas 

hj := ^ </7fcCjfc on 

Here the sum is taken over all k for which Wj D Wk ^ 0. 

Indeed, since supp ipk C and g : -E^S*, Gi„) — > M a is the identity map, each 
function ifikCik can be thought of as a continuous £>-valued function on Wi with 
support in Wi \ M s and of class C°° on this set. Thus every hi also satisfies these 
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properties and hi — hj = on Wj D Wj 7^ 0. In particular, we can define a .B-valued 
C°° (0, 1) form to on M a by the formulas 

oj = dhi on Wi. 

Since (supp hA HM S = for all i, the form u has compact support in M a . Hence, it 
can be regarded as a form on E(S, (3G) from the class £ ^ p (M a ; 5). Now, according 
to Theorem 13. 5^ there exists a function /i on M(H°°) such that Bh = u on M a and 
/i is holomorphic outside suppw. We define 

Cj := hi — h on Wi. 

Then q G 0(Wj; B) and q — Cj = c^- on Wi D Wj. This shows that cocycle c 
determines a zero element of H 1 (M(H°°)] C^Cff 00 ))- 

Proof of the theorem for k = 2. We will use the following result. 

Lemma 4.2. Let f/g Vc M a fee open and B be a complex Banach space. Assume 
that u is a C°° B-valued (0, l)-form on V . Then there exists a continuous B-valued 
function g on M(H°°) of class C°° on V such that dh = u on U . 

Proof. Let p be a nonnegative C°° function on E(S, (3G) equals 1 in an open neigh- 
bourhood of U with supp p C V, see Corollary 13.41 Then according to Theorem 13.51 
the function g := L suppp (p ■ uj) satisfies the required properties. □ 

Let c := {cijk} E Z 2 (W; Om(h°°)) De a c °cycle defined on an open cover W of 
M(H°°). Passing to a refinement of W we may assume that W = (Wj)i<j<k is as in 
Lemma [4. It here Wj fl Wj 7^ for i 7^ j implies that this set belongs to M a . Using 
the above constructed C°° partition of unity {<fj} subordinate to the cover (Wj) we 
resolve c by the formulas 

hij := VkCijk on W D Wj ^ 0. 

k 

Here the sum is taken over all k for which Wj fl Wj fl W& 7^ 0. 

Now the family {dhij} of B- valued (0, l)-forms is a 1-cocycle on W. Resolving it 
we obtain the family of -B-valued (0, l)-forms 

Ui := "Y^^kdhik on Wj with suppcq <e Wj H M a . 

Let W = (Wj) be a finite refinement of W such that Wj <s W T (j); here r is the 
refinement map defined on the set of indices of W. According to Lemma 14.21 there 
exists a B- valued continuous function Oj on Wj such that dgj = w T (j) 011 Uj^Wj-flW. 
By definition, 

%i - = 9h T( i )T(j) \ w , nW . on W n Wj ^ 0. 

In particular, cy := /i r( j )T(j) |~ n ~ - ( j - £,) G C(W H W,-; 5) and 

Cjj - c jk + c ki = c r( j) T ( i)r(fc ) on w n W,- n W fc . 

This implies that {cj^-} represents zero element of H 2 (M(H°°); 0^, Hoa A. 

Proof of theorem for k > 3. According to |Slj dim M(H°°) = 2. Therefore 
H k (M(H°°); J) = for any sheaf J of abelian groups on M(H°°) and all fc > 3. □ 
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4.4. Proof of Theorem 11.51 

Proof. Let 0* M , Hoo ^, C% be sheaves of germs of nowhere vanishing holomorphic func- 
tions and of integer- valued continuous functions on M(H°°). Then we have the 
short exact sequence of sheaves 

— > C% — > Om(h°°) — ^ P Ca/(_h"°°) ~~ * 1- 
The corresponding long cohomology sequence has the form 

■ • • -> H 1 (M(H°°); O m(h ^) H 1 (M(H°°); 0* M(Hoa) ) -+ H 2 (M(H°°); C z ) . . . . 

From [SH Cor. 3.9] one obtains H 2 (M(H°°);C Z ) = 0. Together with Theorem O 
this implies triviality of if 1 (M(if°°); 0* M , Hoo ^.). Now, any divisor D = {(Ui, hi)} ie i 

on M(H°°) determines a 1-cocycle {^} G Z 1 ((Ui)] CXf(if°°))- Since the correspond- 
ing cohomology class is trivial, there exists a refinement (Vj) of (Ui) and holomorphic 
functions Cj G 0*(Vj) such that c" 1 ^- = (h T (i)h~^)\ v . nVj , where r is a map from the 
set of indices of (Vj) into the set of indices of (Ui) such that Vj C f r (j)- Therefore 
the formulas 

h\ D := Cj • (/ir(i)k) on V; 
determine a meromorphic function on M(H°°) such that (/i|£>)|i7j ■ ^-j" 1 £ 0*(Ui) for 
all i. □ 

5. Proof of Theorem 11.71 

We start with some auxiliary results. 

Lemma 5.1. Let N C M(H°°) be a neigbourhood of a holomorphically compact set 
K . Then there exists a polyhedron containing in N whose interior contains K . Thus 
it suffices to prove the theorem for K a polyhedron. 

Proof. For each x G K c := M(H°°) \ K by f x G H°° we denote a function such that 
max^ \f x \ < 1 < \ f x (x)\. Let J= := {Il((f Xh , . . . , f Xe J) ; x e . G if c , 1 < j < a} aeA be 
the family of all polyhedra formed by functions in {f x }xeK c - If any polyhedron from 
T has a nonempty intersection with iV c , then intersection of all polyhedra of this 
family has a nonempty intersection with N c as well (because each polyhedron and A^ c 
are compact). On the other hand, by the choice of f x this intersection coincides with 
K, a contradiction. Thus, there exists a polyhedron U((f yi , . . . , f yh )) C N. By the 
definition of functions f Vj the set K belongs to the interior of this polyhedron. □ 

From now on we will assume that K := Yl((f yi , . . . , f Vk )) C N. 

Lemma 5.2. There are open subsets U <e V C N of M(H°°) such that K C U and 

unM s = vnM s . 

Proof. Without loss of generality we may assume that ^ K C N ^ M(H°°) 
(for otherwise the statement of the lemma holds either with U = V := or with 
U — V :— M(H°°)). Next, since M s is totally disconnected, the family of all clopen 
subsets of M s forms a base of topology of M s . Hence, compactness of K D M s 
implies that there exists a clopen set O <<= N fl M s containing K D M s . For each 
x G O consider open subsets U x m V x C N of M(H°°) such that t4 fl M s C O. 
Since O is compact, there is a finite subcover {E^,-}i<7<« of {U x } x€ o covering O. 
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We set U* := U 1 < j < e U Xj and V* := Ui<j<eV Xj . Clearly, U*C\ M a = V*nM s = O and 
U. m K C iV. 

Further, consider iiT' := K \U*. By definition, if is compact and if D M s = 
(indeed, K'(lM s C (if n M s ) \ C/", C O \ [/* C U* \ U n = 0) . Thus as before there are 

open covers (£/j-)i<j<k and (Vy)i<i<* of ^' such that U j m V j c and ^/ HM S = 
for all j. We define [/ := U* U (Ui^< fc ?7j) and V := V« U (^i<j<kV-). Clearly these 
sets satisfy the required properties. □ 

For subsets U and V of Lemma O with |/KcJV^ M(H°°) we set [/ g := 
<7 -1 ({7) and V g := <7 _1 (V). These are proper nonempty open subsets of E(S,(3G) 
such that C/g d V g . 

Lemma 5.3. There exists a real C°° function tp on E(S,/3G) equals 1 in an open 
neighbourhood of U q with supp<^ C V q . Moreover, supply? is a nonempty compact 
subset of M a . 

Proof. Existence of such a function tp follows from Corollary 13.41 Let us check the 
second statement for tp. 

Note that A := {x £ E(S,f3G); tp(x) £ {0,1}} m V q \ U q and is nonempty. 
(Indeed, E(S,(3G) is connected, and so tp(E(S, (3G)) = [0,1].) Now, from the fact 
that q~ x {U n M s ) = q^iV D M s ) we get 

{v q \u q )nq-\M a ) c (v q nq-\M s ))\(u q nq-\M s )) = q -\vnM s )\q-\unM s ) = 0. 

Therefore, A <s E(S,G in ) = M a . This implies that supply? C A d= M a . Assuming 
that suppdtp = we obtain that dtp\o = 0. That is, tp\ B is a nonnegative C°° 
holomorphic function on D. Hence, it is a constant, a contradiction. □ 

Proof of Theorem \1.7\ We retain notation of Lemmas I5.1H5.3I 

According to Lemma I5TB1 the function maxi<j<fc \ f y . | is greater than 1 on supp dtp. 
Let W <£ M a be an open neighbourhood of supp dtp. Then supp dtp is covered by 
open sets Uj := {z £ M(H°°) ; \f yj (z)\ >r}nW,l<j<k, for some r > 1. Using 
Proposition 13.21 we find real nonnegative C°° functions tpj on E(S, /3G) such that 
supp tpj c Uj, 1 <j <k, and X^KjXfcV^j = 1 in an open neighbourhood of supp<9<^. 

Now, suppose that g £ 0(N;B). Without loss of generality we may assume 
that ^ K C W ^ M(H°°). For pullback q*g £ 0{q~ 1 {N);B) of 3 consider B- 
valued (0,1) differential forms ujj := (q*g) ■ tpj ■ dtp on E(S,j3G); here suppco,- C 
(supp dtp) fl C/j <s M a . For each rt £ N, 1 < j < k, we set 



(5.1) u jn 



UJj 



(Q*fy 3 ) n 



Then is a -B- valued C°° (0, l)-form on E(S, (3G) and snpp ujj n = suppco,- =: Sj. 
Since \q* f y ,\ > r > \ on Sj, (15. ip implies that lim^oo ||wj n ||sj — 0, see the proof of 
Theorem 13.51 Applying this theorem we find functions hj n := Ls^oOjn) on M(H°°) 
of class C°° on M a such that dhj n = ujj n there. From here and (15. ip we obtain 

/ k \ k 

^ fHi ' h 3 n = Yl ^ = 9^ = 0(9<P) 011 M a- 
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Hence, 

k 

9n ■= (q*g) ■ ¥ ~ ^2(q*f yj ) n ■ Q* h jn 

is a £?-valued continuous function on E(S,(3G) holomorphic on M a . This means 
that g n G 0(M(H°°);B). Therefore there is g n G H°° (:= 0(M(H°°); B)) such 
that q*g n = g n . Since the first term in the definition of g n coincides with q*g on 
g -1 (lT), maxi<j< fc |/*| < 1 on K and lim n _ > . tX) sup ;! , eM(if00 ){max 1 < J < A; \\h jn (x)\\ B } < 
Cdim n ^oo maxx^jxfc Hu^Hs. = 0, the sequence of functions {g n } converges uniformly 
on A' to g, as required. □ 



6. Proofs of Theorems 11.91 11.101 11.111 and Corollary 11.141 

Proof of Theorem \1.9[ If / belongs to the ideal / C 0(M(H°°); A) generated by 
fx, ... , f m , then as the open cover of the theorem we can take M(H°°). So in this 
direction the result is trivial. Let us prove the converse statement. 

Let U = (Uj)i<j<£ be a finite open cover of M(H°°) satisfying assumptions of 
the theorem. Passing to a refinement of U we may replace it by a cover {Wj)i<j<k 
satisfying conditions of Lemma 14.11 Then by {<Pj} we denote a C°° partition of 
unity subordinate to the cover {W'j)\<j<k of E(S,/3G)] here W' := q~ x {Wj). By the 
assumption of the theorem there exists a family of functions gij G H^ mp (Wj] A), 
1 < i < m, 1 < j < k, such that 



(6.1) f\ Wj = s ^g ij f i on each Wj. 

i=l 

We set 

Ci, rs ■= Qir - Qis on W r D W s ^ 0, 

and then 

s 

where the sum is taken over all s for which W s D W r ^ 0. Since in this case 
W S H W r C M a , functions h ir G C^ mp (W r ; A) and supp h ir (e W r nM a , see the proof 
of Theorem 13.51 for similar arguments. Moreover, 

h ir - h is = Ci. xs on W r (lW s ^ 0. 

Further, define 

hi := g ir - h ir on W r . 

Clearly, each hi is a continuous A- valued function on M(H°°), holomorphic in an 
open neighbourhood of M s and of class C°° on M a . In particular, dhi can be regarded 
as C°° A-valued (0, 1) forms on E(S,j3G) with (compact) supports in M a . 
Also, according to (16. ip we have 
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Now we apply arguments similar to those in \Ga\ Ch. VIII, Th. 2.1]. Specifically, 
if we set 



9i ■= hi + ^ a isfs 



8=1 



where 

(6.2) a is = b is - b si and db is = hidh s 



then 



^2 9ifi = f and 



i=l 



% = dhi + ^2 fs ■ (hidhs - h s dhi) = dhi + hjd I ^ f s h s J - dhi ^ f s h s = 0. 

8=1 \s = l J S = l 

Hence, g t G 0(M(H°°); A) and so / belongs to the ideal / C 0(M(H°°); A) gener- 
ated by f u f m . 

To complete the proof it remains to solve equations dbi S = hidh s on M(H°°). 
To this end note that A-valued (0, 1) forms hidh s are C°° on E(S, f3G) and have 
compact supports in M a . Then according to Theorem 13.51 the required solutions bi S 
of the above equations exist (they are of class C°° on M a and holomorphic in an 
open neighbourhood of M s ). 

The proof of the theorem is complete. □ 

Proof of Theorem M.ICK Let M(A) be the maximal ideal space of a commutative 
unital complex Banach algebra A. We will work with 0(M(H°°); A) instead of 
(A), see Proposition 11.31 
For / G 0(M(H°°); A) we define 

/>; := £(/(*)), * e M(F°°), e G M(A). 

Since 

sup |/(2; 01 < max ||/(*)|U, 

(«,06Af(fr°°)xAf(A) zeM[H°°) 

: 0(M(H°°); A) — >■ £ 00 (M(H°°) x M(A)) is a nonincreasing-norm morphism of 
algebras. Let us show that each / G C(M(H°°) x M(A)). Indeed, if a net {z a } C 
M(H°°) converges to z, then lim Q — /(-z)IU = by continuity of /. Hence, if 

a net {{z a ,£a)} C M(H°°) x M(A) converges to (z,£), then 

limsup \f(z a ; £ a ) - f(z; f )| < limsup £ a ) - f(z a ; £ a )\ 

+ limsup \f(z;U - f(z;0\ < limsup \\f(z a ) - f(z)\\ A + = 0. 

a a 

(The second term equals zero because converges to £.) 

So the image of A is a subalgebra of C(M(H°°) x M(A)). Therefore the operator 
adjoint to A determines a continuous map 

t : M(H°°) x M(A) -> M(0(M(if°°); A)). 

Next, show that t is injective. Indeed, if = ^((-^2,^2)), then £i(f(zi)) = 

^(/(•22)) fc> r all / G 0(M(H°°); A). Choosing here / a constant function (equals 
an element of A) we obtain that £i(a) = £2(0) for all a G A So, £1 = £2 =: £• 
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Now, if Z\ 7^ Z2, then for any a £ A there exists a function in 0(M(H°°); A) such 
that f(z±) = a and f(z 2 ) = 0. This implies that £(a) = {(0) = for all a G A and 
contradicts nontriviality of £. Hence, zi = 2 2 as well and so i is an embedding. 

To show that l{M{H°°) x M{A)) = M(0(M(H°°); A)) it suffices to prove the 
following corona theorem (for similar arguments see, e.g., |Ga[ Ch. V, Th. 1.8]): 

Suppose that f u . . . , f m G 0(M(H°°); A) and 

(6.3) max \fj(z;x)\ > 0, (z,x) G M(F°°) x M(A). 

l<j<m 

Then there exist gi,...,g m e 0(M( J ff 00 ); A) such that 

(6.4) f x gx-\ \-f m g m =l. 

Condition (16. 3 p implies, in particular, that for a fixed z G M(H°°) the elements 
fi(z), . . . , fm{z) ^ A do not belong to a maximal ideal of A. Therefore the ideal 
generated by these elements contains 1, that is, there exist gx, . . . g m G A such that 

m 

j=l 

From here and continuity of functions fj on the compact set M(H°°) we obtain that 
there exists an open neighbourhood U C M(H°°) of z such that 

||1 - h(w)\\ A < ^ for all w £ U, 

where /i(w) := J]JLi fj{w)gj, w eU. 
This inequality implies that 

oo 
i=0 

where the series on the right converges uniformly on U. Thus h, h^ 1 G C?(C7 ; A) and 
we have 

m 

Y,fr(9jh- 1 ) = l on [/; 
i=i 

here all g^ 1 G C?(C/; A). 

Hence, 1 belongs to the ideal of 0(U; A) generated by fi\u ■ ■ ■ , fm\u- 

Taking an open cover of M(H°°) by such sets U and applying Theorem 11.91 

we obtain that the function 1 belongs to the ideal of 0(M(H°°); A) generated by 

fit ■ ■ ■ j fm- 

This shows that i : M(H°°) x M(A) -»■ M(0(M(H°°); A)) is a homeomorphism 
and completes the proof of the theorem. □ 

Proof of Theorem [OH Gluing together points not separated by A, without loss of 
generality we may assume that A separates points of X. Then, since A is self-adjoint, 
it coincides with C(X) by the Stone- Weierstrass theorem. 

Assume that Ru,h <g Ru',h <e M a are coordinate charts. First, we prove that 

m 

(6.5) f = ^2 h jfj on r u,h 
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for some hj G 0{Ru,h\ A), 1 < j < m. 

Without loss of generality we will identify Rjj,h with D x H and Rjj>,h with D r x H 
for some r > 1. 

We set Z := {(z,£,x) e B r x H x X ; fi(z,£,x) = ■■■ = f m (z,£,x) = 0} and 
define 



f, 



on (D r x H x X)\Z 



on Z. 



Condition (A) of the theorem implies that each <pj is continuous on D r x H x X. 
Indeed, tpj is continuous on (D r x H x X) \ Z and if a net {z a } C (D r x H x X) \ Z 
converges to a point z G Z, then condition (A) guarantees that lim a <fj{z a ) = 0. 
Next, we define functions Gjk on H> r x H x X by the formulas: 



G 



fVrjjjf on (B r xY 2 )\Z 

on (D r x Yx) U ((D r x Y 2 ) n Z), 



where Yi := {(£, x) G if x X ; £, x) = • • • = / m (-, £, x) = 0}, Y 2 := (HxX)\ Y x . 

From condition (A) and Cauchy inequalities for derivatives of bounded holomor- 
phic functions on D r we obtain on each D s x Y 2 , 1 < s < r, 



\G 



jk\ 



f " fj (XX i feifefk - fef'k)) 



(E7=i\fk\ 2 y 



^ Cl\f\ 

< 5777 < c 2 ■ oo \ max t, 

~ (££JM 2 ) 8/2_ 



K£<m 



(6.6) Jfc ^' ; =G jH (z,£ 1 x) on D x H x X. 



for u)(t) := and some constants Ci, c 2 depending on max 1 <f< m {sup M ( H00 ) x x 
m, 777 and c from condition (A). 

Since lim t _ >0 + = 0> this inequality and the arguments similar to those used 
for ifj show that each Gjk is continuous on D r X H x X. 

Further, to obtain a holomorphic solution of Bezout equation (16. 5p we must solve 
equations (cf. [GaJ Ch. VIII, Th. 2.3]) 

dbjkizj;, x 
dz 

This can be done by the standard formula 

(6.7) b jk (z,£,x) :=— / / P ^ Gjk ^ W, ^ X ^ dwAdw, (z, £, x) G D x H x X, 
2iri J J c w - z 

where p is a real C°° function equals 1 on D and on C \ D r . 

Since each Gjk is continuous on D r x H x X, (16.71) (rewritten in polar coordinates 
w := z + re* 6 ) implies that each bjk is continuous on D x H x X. Also, observe 
that Gjf.(-,£, x) may be either (for (£, x) G Y"i) or a complex analytic function (for 
(£,x) G F 2 , cf. (S3). Thus a;) is of class C°° for each (£,x) e H x X. In 

particular, as in |Gaj . for each (£,x) G H x X functions 

&•(■» f , s) = /(", £, x) + ^(6jfc(-, f , x) - 6 fci (-, f , x))/ fe (-, f , x) 

fc=i 
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belong to 0(D) n (7(D) and satisfy Y%=\9jfj = f onBx H x X. Moreover, all g^ 
are continuous on D x H x X . So they can be regarded as holomorphic functions 
on D x H continuous on D x H (recall that H is clopen) with values in C(X) := A. 

Hence, we have proved that for each Ru,h <= M a the restriction f\n UHX x belongs 
to the ideal of 0(R UtH ; A) generated by fi\ RuHX x, • • • , f m \nv,Hxx- 

Finally, due to condition (B), for each w G M s function f(w, •) G C(X) belongs 
to the ideal generated by fi(w, ■),..., f m (w, ■), cf. arguments after (16 Ah . As in 
the proof of Theorem 11.101 we deduce from here that for each w G M s there exists 
its open neighbourhood U w C M(H°°) such that f\u w xx belongs to the ideal of 
0(U W ; A) generated by fi\u w xx, • • • , f m \u w xx- 

Taking a finite open cover of M(H°°) by sets U w , w G M s , and Ru,h C M a and 
applying Theorem 11.91 we conclude that / belongs to the ideal of S(A) generated by 

fl: ■ ■ ■ i fm- 

The proof of the theorem is complete. □ 
Proof of Corollary \1.14\ By definition 

S N (H°°) = SiSN-xiH 00 )) (:= S(H°°; S N ^(H°°))). 
Hence, from Theorem 11.101 we obtain 

M{S N {H°°)) = M{H°°) x M^Sn.^H 00 )) = ■■■ = M{H°°) N . 

□ 

7. Proof of Theorems 11.151 and 11.171 

Proof of Theorem \1.15[ By Theorem II .101 the maximal ideal space of H^ mp (A) can 
be naturally identified with M(H°°) x M(A). 

Next, conditions of the theorem imply that the image F = (fy) of the matrix F 
under the Gelfand transform * satisfies 

e 

^2\hi(x,y))\>6 for all (x,y) G M(H°°) x M(A), 
i=i 

where hi, . . . , he, is the family of minors of order k of F. This inequality allows to 
apply [Linl Th. 3] asserting that in order to prove the result it suffices to extend the 
matrix F up to an invertible one in the category of continuous matrix functions on 
M(H°°) x M(A), i.e. to find annxn matrix G = (#„), G C(M(H°°) x M(A)), 
so that gij = for 1 < j < k, 1 < i < n, and det G = 1. 

Note that the matrix F determines a trivial subbundle ^ of complex rank k in the 
trivial vector bundle 9 n := (M(H°°) x M(A)) x C n on M(H°°) x M(A). Let rj be 
an additional to ^ subbundle of 9 n , i.e., ^ © rj = 9 n . We show that r\ is topologically 
trivial. Then a trivialization of r\ given by global continuous sections s\, . . . , s n -k 
determines the required extension G of F. 

In what follows 6 e stands for the trivial rank I complex vector bundle on a compact 
topological space. 

Lemma 7.1. Let d be a rank n — k complex vector bundle on a compact topological 
space Y satisfying 6 k © •§ = 9 n . Assume that n — k > |_f_|, where s > dimY . Then 
$ ^ 6 n ~ k . 
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Proof. First, we reduce the statement of the lemma to the case of bundles on a 
metrizable space. Indeed, according to [M] one presents Y as the inverse limit of a 
limiting system {Y a ; 7r} ag A, where Y a are metrizable compact spaces of dimension < 
s. Then by a well-known theorem about continuous maps of inverse limits of compact 
spaces (see, e.g., |EilSte] ) and the fact that all complex vector bundles of rank n 
on Y can be obtained as pullbacks of the universal bundle EU(n) on the classifying 
space BU{n) of the unitary group U{n) C GL n (C) under some continuous maps 
Y — > BU {n) (see, e.g., |Hus] ) . for the bundle d there is a Q G A and a complex vector 
bundle i? ao on Y ao such that the pullback 7r* $q, is isomorphic to Moreover, since 
9 k © $ = 9 n , increasing a , if necessary, we may assume without loss of generality 
that 9 k © = 9 n on Y ao (this follows, e.g., from [Lin} Lm. 1].) If we show that 
under the conditions on d,n,k the bundle $ Q0 = 9 n ~ k , then the same will be true 
for the bundle 

Thus without loss of generality we may assume that Y is metrizable. Further, 
using the classical Freudenthal theorem we can present Y as the inverse limit of a 
sequence of compact polyhedra of dimension < s. Applying arguments as above we 
may assume without loss of generality that Y is a compact polyhedron of dimension 
< s. But then under the conditions of the lemma the required statement (i.e., 
^ 9 n ~ k ) follows directly from [Husl Ch. 9, Th. 1.5]. □ 



To apply the lemma observe that according to the hypothesis of the theorem 
M(A) is the inverse limit of a limiting system {M a ; 7r} ag A, where each M a is 
homotopically equivalent to a metrizable compact space X a with dimX a < d. 
Therefore M(H™ mp (A)) = M(H°°) x M(A) is the inverse limit of the system 
{M(H°°) x M a ; id x 7r} ae A. Thus as in the proof of Lemma 17.11 we obtain that 
in order to prove that rj = 9 n ~ k it suffices to prove a similar statement for bundles 
r) a on M(H°°) x M a satisfying r] a © 9 k = 9 n . Further, M(H°°) x M a is homo- 
topically equivalent to M(H°°) x X a and therefore each r] a is isomorphic to the 
pullback (under the map establishing the homotopy equivalence) of some bundle fj a 
on M(H°°) x X a satisfying 9 k © fj a = 9 n . But due to [SI] dim M(H°°) = 2; hence, 
dim M(H°°) x X a < d + 2. Applying Lemma 17.11 together with conditions of the 
theorem to fj a we obtain its triviality. This implies triviality of r] a and then of rj. 

The proof of the theorem is complete. □ 



Proof of Theorem According to assumptions of the theorem M(A) is the in- 
verse limit of a limiting system {X a ; ir} a& A, where each X a is a metrizable con- 
tracture compact space. Therefore M(if~ mp (A)) = M(H°°) x M(A) is the in- 
verse limit of the system {M(H°°) x X a ; id x ir} ae A- Since dim M(H co ) = 2 and 
H 2 (M(H°°);Z) = (see jSTj). any finite rank complex vector bundle on M(H°°) 
is topologically trivial. Thus, since M(H°°) x X a is homotopically equivalent to 
M(H°°), the same is valid for finite rank complex vector bundles on that space. 
From here as in the proof of Theorem 11.101 we obtain that any finite rank complex 
vector bundle on M(H°°) x M(A) is topologically trivial. Now the desired result 
follows from ^S] Th. 1.3] □ 
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8. Proof of Theorem 11.191 

8.1. Assume that Ru,h <e Rv,h M a are coordinate charts. We will use the 
following auxiliary result. 

Lemma 8.1. For any function f G 0(Ru>,h]B) its restriction f\n UH belongs to 
H°°{R U>H )®B. 

Proof. Without loss of generality we will identify Rjj,h with D x H and Rjj',h with 
D r x H for some r > 1. Since, H is clopen and / is B- valued continuous on the 
compact set D s xH for some 1 < s < r, we can regard / := f\o s xH as a function from 
H£ mp (B s ; C{H- B)) n C(D S ; C(H\ B)). Applying to / the Cauchy integral formula 
and then decomposing the Cauchy kernel we obtain 

oo 

(8.1) /(*,£)= (z,£)eBxtf, 

3=0 

where all a,j G C(H; B) and the series converges uniformly to /, i.e., 



1.2) lim sup 



N 
3=0 



= 0. 

B 



Further, since if is a compact Hausdorff space, C(H) has the approximation 
property; in particular, C(H,B) = C(H) <S> B, see Theorem 11.11 From here and 
(0), (E2D we obtain that f\ DxH G H°°(B xH)®B. □ 

8.2. Now we prove Theorem 11.191 

Proof. Let us prove the first statement of the theorem. Let U (e V C M a be open 
subsets. Choose open W (e V containing U and coordinate charts Ru, h,, Ru' h , 

3 ' 

I < j < m, such that Ru^Hj ^ Ru'^Hj ^ V" for all j, and 7?. := {Ru^H^iKjKm is an 
open cover of W". Let / G 0(^.6). According to Lemma [8.11 for any n G N and 
1 < j < m there are functions / 3jn G H°°(Ru h ) ® £> of the form 

/j> : = ^ b js>n f js>n , where all 6j- S)Tl G £>, / JS)n G H°°(R u . > jj j ), 

8=1 

such that 

SUP ||/ - /j, n ||fl < — . 

By B n C B we denote the finite-dimensional vector subspace generated by all 
bj S>n , for all possible j and s. Consider a cocycle G Z 1 ^; B n ) defined by the 

formulas 

Cij,n '■= fi,n ~ fj,n Oil RUi,Hi H RUj,H 3 7^ 

Then for all i,j 

1 

SUp ||Cy>||£? < -• 
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Next, we introduce the Banach space B of sequences v = (v±,V2, • • • ) such that 
v n G B n , fi6N, with norm 

(oo 
1=1 

Clearly, Cy := (c^i, c^, . . . ) is a holomorphic function on Rjj^Hi H Ruj,Hj with 
values in S. Thus c = {cy} is a holomorphic 1-cocycle on the cover 1Z with values 
in B. 

Let U' be open containing U and such that £/' belongs to the union of all Ru jt H-- 
We set 

[/* := M(H°°) \ U'. 

Then £/* together with all Ru ,h form a finite open cover of M(H°°). As in subsec- 
tion 4.2 consider a refinement of this cover iWj)i<j<k an d subordinate to the cover 
( W j)i<j<k, := q-^Wj), of E(S, 0G) a C°° partition of unity Wj}i<j< k - Without 
loss of generality we may assume that each W' r := W r with 1 < r < s belongs to 
one of Ru4,Hj and others Wj are subsets of [/* only 

Observe that W = {Wj)i<j<r is a cover of U . (For otherwise, there exists Wj C t/* 
such that Wj D C/ 7^ 0, a contradiction.) By c = (c^) G Z 1 (W;B) we denote the 
restriction of the cocycle c to the cover W. Next, for 1 < i < r we define 

/it = ^ ytCil on Wi; 

here the sum is taken over all I for which Wg (~l 7^ 0. 

Suppose that U" is an open set containing U and such that U" d U' . Then 
{<Pj\u"} is a C°° partition of unity subordinate to the cover (Wj D U")\<j< r of [/". 
In particular, {/ii|[/"} is a resolution of the cocycle c\u"- Then the formulas 

w := 5{hi\ v ») on C/"nWi 

define a 7?-valued C°° (0, l)-form on U" . 

Applying Lemma 14.21 we find a B- valued C°° function g on U" such that dg = u 
on [7 

Next, for each WidU ^ we set 

Q = hi\u — g\w t nu- 
Then q G ^ mp (^ H 17; B) and 

c i -Cj = c ij \ u on Wj n Wj n C/ 7^ 0. 
By definition, q = (c^i, c ij2 , • • • ), where c^ n G if Pi U) ® B n and 

lim sup \\ci,n\\B = 0. 

n->oo w . nU 

Finally, we define functions /„ on U by the formulas 

fn = fi,n ~ Ci,n on WiDU^d). 
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(Since (f i>n - c i>n ) - (/_,■„ - c j>n ) = c^u - c^u = on Wi H Wj H U ^ 0, each /„ is 
well-defined.) According to our construction /„ G H°°(U) <S> B n and 

lim sup ||/ - f n \\ B = 0. 

Hence, / G H°°(U)®B. 

This completes the proof of the first statement of the theorem. 

The proof of the second statement is similar, so we will briefly describe it. 

According to the first part of the theorem and its assumptions, for a function 
/ G 0(M(H°°)] B) there exists an open cover (f^-)i<y< m of M(H°°) such that f\ v . G 
H°°(Ui) ®B for all i. Then we repeat word-for-word the proof of the first part of the 
theorem with Ruj,Hj replaced by Uj, to construct a holomorphic 1-cocycle c on the 
cover {Uj)i<j< m with values in B. By Theorem 11.41 passing to a suitable refinement 
(Wj) of this cover we can resolve the restriction of c to (Wj). Then we conclude as 
in the proof of the first part of the theorem (with Wi l~l U replaced by Wi). 

The converse to this statement follows from Theorem 11.11 if H°° has the approx- 
imation property, then 0(M(H°°); B) = H°° <g> B. □ 

9. Further Results 

Let R be a Caratheodory hyperbolic Riemann surface and A be a commutative 
unital complex Banach algebra. By H^ mp (R; A) we denote the Banach algebra of 
holomorphic functions on D with relatively compact images in A equipped with 
norm ||/|| := sup zeR \\f(z)\\ A , f G H™ mp (R;A). Let p : D -»• R be the universal 
covering of R. The fundamental group 7Ti (R) acts of D by Mobius transformations. 
Assume that R satisfies: 

(P) There exists a function h G H°° such that sup 2gB (j^g^^ \h(gz)\j < oo 

and E ge7ri (ii) Kq z ) = 1 for a11 z e D- 
This /i determines a linear continuous map Pa : if^ mp (A) — >■ H^ mp (R; A) such that 

Pa(/i " P7 2 ) = Pa(/i) " h for all /i G ^ mp (A), / 2 G ^ mp (P; A), 
given by the formula 

(9.1) P A (f):=pJ E W/W] , /e^ mp (A); 

\967ri(R) / 

here : p* (H^ mp (R; A))—> H™ mp (R; A) is inverse to the pullback map p*. 

Existence of such h for i? a finite bordered Riemann surface was established 
in [Foj . for i? a homogeneous Denjoy domain in [C2j (see also [JM] for a more 
general setting), and for R a subdomain of an unbranched covering R' of a finite 
bordered Riemann surface such that inclusion R )• R' induces a monomorphism 
of the fundamental groups in [Br2j . In all these cases taking the pullback by p of 
functions from H™ mp (R; A), then solving the corresponding problem in H^ mp (A) 
and applying to the solution the map Pa we obtain analogs of Theorems 11.71 H-91 
[TTOlon R (with H°° replaced by H°°(R) and H£ mp (A) replaced by H™ mp (R; A) 
in the original versions of these theorems). In fact, similar results are valid on a 
Riemann surface R of finite type (since it is biholomorphic to a bordered Riemann 
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surface with finitely many points removed). In this case arguing as in |Br2] one 
obtains that dim M(H°°(R)) = 2. In particular, analogs of Theorems 11.151 and II . 1 71 
are valid on R. 
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